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1. Using the Principle of Mathematical Induction, prove that

_ (@n-D@E)"1+3

134+ 232 4+333 4. +n.3" for all neZ™.

Forn=1 cL.HS=1.3

— 1+1 _
R.H.S = (21-1)(3) +3 — (2-1)9+3 — E =3

4 4 4
L.H.S=R.H.S - thestatementistrue forn = 1. @
Assume that the statement is true for n = k ; keZ*

k- 143

n=k; 13+232+33%+.-.- + k. 3% —, C @
n=k+1from@

2k —1@B)*1 +3
_ (3)k+1 [23( —1+4k+1)]+3
_ (3)**1 [6k + 3]4+ 3

_ (3)k*1 .341[2k +1]+3

4

@ R2k+1)—1]+ @
B 4

D 2(k+1) - 1] + 3

4
Hence, if the statement is true for n = k , then for n = k + 1 is also true. @

134+23%2+33%3 4. + k.35 + (k+1).3k+D =

By the principle of mathematical induction, the statement is true for all neZ™.

+ (k +1).30+D) @

25

find the area of the region enclosed by these graphs.

2. Sketch the graphs of y = |4 — 2|x|| and y = 2|x — 1] in the same diagram where x € R. Hence,

y
f
4 C
/\
D/
N B
)
A=(1,0) — .
B: E 1 2 !
=¢,1
€ =(04)
_ 1
D=(-3,3)
AD=2x+y—-2=0;h= (%) =15 @

awup) =2 (5)

Area of ABCD = 0C x h =3 (5)

25

[see page three
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3

Let z, w are two complex numbers such that | z — 2 | = | w + 2 | = 1, then prove that

— <Arg (z—w) < =. Find the range of | z—w|.

Arg(z—w) =06,|z—w| = PQ

1 T
AOAC i =—=a=—
osine=s=a=_ @

A

A [m.Axis

Arg(z — W)pmax = awhenPisat C and Q is at F

W+2/=1

Arg(z — W) pmin = —@ whenPisatDand Q isat E
s T
. —gSArg(z—w)—g@
PQunax =NH =6
PQmin = MG = 2

2<|z—w|<6 @

v

25

2

5
that the coefficient of x2 in the expansion of ((x + i) + x> is 231.

n
4. Write down the binomial expansion of (x + i) in ascending power of x for n € Z*. Hence, show

Answer:
n n n-r
(x + %) = Zr_oncrxr (i) ; where n¢, = #Lr)l forr=12,...n andn¢, =1
1\5 2 1410 15
<<x+—) +x> =(x+—) +2x<x+—) + x?
x x x
10 10-7
General term of (x + i) =10¢.x" (%) = 10, x* 10

1\5 1\5-7 _
General term of 2x (x+;) =2 xxx 5¢.x" (;) =2 x 5¢.x%*

Cases for x? term,

10Crx2r—10 E 2 % 5cr_x2r—4 E x

2r—10=2 i 2r—4=2 i

r==6 @ i r=3 @ i

10¢, - 2 X 5¢, !
RUBESE T
6! x 4! 21 x 3!

<1O><9><8><7>+2X(5><4>+1_231 @
4X3x2x%x1 2x1 h

25
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5.

Show that limn (

x-=
6

2-¥i6sinx) _ 1
=15

sin 6x

16sinx —8 | sin(m — 6x)° (r — 6x)

n—>g

1 1 . LT
16si 3-83 -6 16(sinx — sin—+

2

T

. (¥~ %
=160, I <(16Si“")§‘8§> FD M).(l-m ZCOS(H%)_{ | )ﬁ
=) )

16sin x—8 16sinx — 8 '(n—l6gl)—>0 (sin(n — 6x) x—1%> —12
—__6|50

(1) @

~| 3

Celox ()

6.

It is given that when y = (a + x?) tan™! (\7—5) a>0, Z—z =+a + 2xtan™? (%)

Let f(x) = |x tan™? (j—a) for a,x > 0. Show that the volume of the solid generated, when the

region bounded by the curve y = f(x), the x —axis, x = 0 and x = +/a, is rotated about the

x-axis by 2m radians is E (mr— 2)] cubic units.

volume, V = nf(;/a[f(x)]zdx

= nf(;/ax tan~! (%) dx @

Z—z =+a + 2xtan™? (\/%)
ff(‘;—z) dx = foﬁ\/adx +f0\/52xtan‘1 (%) dx @

B ()= Lo AL (D

2

_1 2 —1(x
—2[(a+x ) tan (a

= %[((a +a)tan™! (

&
[
R

als

)-vaa)-0-0| (3

Volume = (1) E (mr — 2)] cubic units cubic units @ 25
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7. An ellipse is given by parametric equation x = 13 cosa, y = 5sina. Where, «a is a parameter.
Show that Z—z = - %cota fora #nm,a = 2n+1) g neZ. Write the equation of tangent and

the normal drawn to the curve at the point of parameter «. Let these tangent and normal cut the x -

axis at A and B respectively, show that OA . OB = 144 where O is the origin.

x =13cosa y =5sina
d;z) —13sina M =5cosa @

d —5cosa -5
L2292 _ D iota \-
dx  13sina 13 / \

y —5sina = —%cota(x— 13 cosa)

y—5sina =15—3tana(x—13cosa) @

When y = 0 for
. sina 13sin? a+13cos? a 13 13
x; = 13sina X —+ 13 cosa = = ,AE( ,0)@
cosa cosa cosa cosa

25 144 144
X, = ——cosa+ 13cosa =—cosa BE(—cosa,O)

13 3 13

144

OA.OB = X —cosa = 144

\7 T} 25

8. Let A= (k,0)where k € R—{1}and B = (1,1). The line passing through B, perpendicular to AB, cuts
y —axis at C. Find the coordinates of the midpoint D of AC in terms of k and find the locus of D as k varies.

mAB=_, k:ptl

e @

B(1,1) ~BCiy—1= (kil) (x—-1) @
y=k-Dx-1)+1
> y:(k—l)x+(2—k)@
c W(k,o) whenx =0,y = (2—k)

0+k 2—k k 2—k
D"(z ’ 2)"(5' 2)@

locus = x+y—-1=0

© 25
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9. LetS be the circle with equation x? + y? — 8x — 10y + 16 = 0. Another circle S; of radius 4 units
touches the y-axis at a point above the centre of S. The circles S and S;touch internally. Find the
equation of S;.

®

x2+y2+2gx+2fy+c=0
g*+frP-c=4 |-gl =4

9g<0 =>g=-4 @

16+ f2—c=16

c=f2

4+9)2+G+f)2=5-4 @

0+(G+/)2=1

S;=x2+y2—8x—12y+36=0 @ 25

10. Solve the equations x + y = g, tanx 4+ tany = 1

tanx +tany =1
sinx siny
cosy  cosy -

sinx cosy + cosx siny = cos x cosy @
2sin(x +y) = cos(x +y) + cos(x — y)

2sin (5) = cos (5) + cos(x — y)
cos(x —y) =% O
x—y=2nmts— (1) @
x+y=7—02

form (1)and (2 X=nn+= orx=nmu
4

y=—nrr,n€Z,y=—nn+%,nEZ @ 25

**
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Combined Mathematics I

Part B
¥ Answer five questions only.

11. (@) Let f(x) =x?—Ax+c? where 2andc are real constants. Show that the minimum value of

4c2%-)2

. If the graph of y = f(x) intersects the x- axis at two distinct points,

f(x) is

deduce that A > 2|c| .
Let a and B be the roots of f(x) = 0. Given that both « and g are positive, show that

Va+./B =A+2|c.

Hence, show that the quadratic equation whose roots are \/E—% and \/E—ﬁ is given by

lc|x? — A+ 2|c|(le] = Dx+ c?—2+1=0.

Let g(x) = |c|x? — A+ 2|c|(Jc] = Dx + c? — 2+ 1.
If the graphs of y = f(x) and y = g(x) intersect on the y- axis, show that 1 = 1.

(b) Let f(x) is a polynomial of degree 3. When f(x) is divided by x? —3x + 2, x> — 5x + 6 and
x2 — 4x + 3 separately, the remainder is 11x — 6 . If £(0) = 0, find £ (x).

Further deduce that maximum value of the gradient of y = f(x) is 12.

11. (a). fx) =x%—2Ax + c?

N2 4c?-22

f@=(x=35) +=

3= ©

2 2 2_92
(x - i) TR i
2 4 4
4c2-)2
fx) ==

.. 4c?-2?
~ f)minimum = — @
. . .. . 4c?2-72
If graph of y = f(x) intersects the x-axis at two distinct points, T < 0
s A < A2
(2c=1M)(2c+A) <0
A>2|c|




AL/2025/10/E-1 - 8-
a+ﬂ=)l@ aﬂ=cz,c¢0@
(x/E+\/E)2=a+ﬁ+2\/a_ﬁ @

20
e WEr B =VERAACS)
(2 (- ) (7).
D g1 ©
=24 el - ()
(a-32)-(F-3) Vb -G-%+ 7 O
_ _(a+yB) 1
N RN
_|C|_|AT| |z|
CTC/1|+1 @
Required quadratic equation
o {8+ (- )+ (a3 (- 3) -
X2 — \//‘ll-ijlcl (el = Dx + c2|—j+1 -0 @
lclx? — A+ 2[cl(lc] = Dx +c2—A+1=0 35

If the graphs of y = f(x) and y = g(x) intersect on y —axis, then £(0) = g(0) @
c2=c?-21+1

A=t @ 10
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11.(b)  F(x) = k(x — 1)(x = 2)(x —3) + 11x — 6:k € R @
f(0)=0
k-D(2)(-3)-6=0 (5)
k=cn &
FO)=-1x-DE-DE-3)+11x—6 (5)
35
F(x) = —x3 + 6x2 @
F'(x) = —3x% + 12x
= —3(x? — 4x)
= —3[(x — 2)% — 4] @
=12 — 3(x — 2)? @
~ [F' )] maximum = 12 @ 25
12. (a) Let P, P, and P; be three sets given by P, = {«,B,v}, P, = {A4,B,C}, P; = {1,3,5} respectively. It is
required to form a five-character password using elements belongs to P; U P, U Ps.
(i) Find the number of different element passwords that can be formed using above different elements
I.  when there are no restrictions on the selection
Il.  consisting exactly two digits
(if) Find the number of different passwords that can be formed using above elements such that exactly
one element from P; and exactly two elements from P, with repetitions allowed only for elements
from P,
. 9(37+4) A B +
(b) LetU, = DG G and f(r) = D + Grr) for reZ*, where A and B are real constants.

Let U, = f(r) — f(r + 1) for reZ*, show that A =§ and B = %

27 5 1

s _ ‘neZt.
20 2(3n+2) 2(3n+5)

Hence, show that ) v, =

Deduce that the infinite seriesz U, is convergent and find its sum.
r=1 e

Hence, find the greatest real constant k such that Z(UT +kUpyp) <1

r=1
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12. (a) (I) Pl = {a' ﬂ'y} PZ = {A» B, C} P3 = {1»315}

I. when there are no restriction on the selection

_9 _ 9 10
Cs X 5! = ——=15,120 @
Il. when selecting 2 digit exactly;
= 6C3 X 3C, X 5!
= %« 31x 51 = ZEEOE _ 7900
31x3! 3x2x2 @
Alter method
Py P, Py 3C; X 3C, x 3C; X 5!
1 2 2 3C, X 3C; X 3C, X 5!
2 1 2 5
3 0 > 3C3 X °Cy X 3C, X 5!
0 3 2 3C0X3C3X3C2X5!
Total dif frent =2Xx3x3X3Xx5!+2x1x1x3x5!=7200
Passward 15

(i) Py P, P

1 2 two dif ferent = 3C; X 3C, X 3C, x 5!
51

1 2 two equal = 3(; X 3C2 X 3C; X E

3C;
- total number of = 3(C; X 3C2 X [3C2 + T] X 5!
{

dif ferent passwards ||

3
:3X3[3+§]X5X4X3

9
:9XEX6O

= 81 x 30 = 2430 45
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(b) Up=fr)—fr+1)
9(3r+4) A B A B
@Br-1)@r+2)(3r+5)  (3r-1) + 3r+2) (3r+2) (37r+5)
9(3r+4)=AQBr+2)B3r+5)+ B —-A)Br—1)Br+5)—B@Br—-1)3r+2)
= (94 + 9B)r + 154 — 3B
r;27 =9A+ 9B — (1)

3=A+8B
%36 = 154 — 3B — (2)
(1), (2)
45 = 184
p=1 20
2
. _ 5 1
~f(r) = 2(3r-1) + 2(3r+2)
U =f(r) = fr+1)
r=1 up = (1) = f(2)
r=2; w = FQY- FG3Y
r=3; us = f(3)~f(4)
r=n-2; Un-y = f(n=2) = f(n=1)
r=n—1 gy =f0=1) - f()
r=mn u, = f)= f(n+1)
S = f(1) = f(n+1)
5 1 5 1
T4 + 10 2B3(n+D-1] 2[3(n+1)+2]
27 5 1

_27 30

20 2(3n+2) 2(3n+5)
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i U, = i 27 5 1 ]
e T alwl20 2Bn+2) 2(3n+5)

1 r=1
=10
T 20

=~ the infinite series Y,;-, U, is convergent and the sum = 27/20

15
> W+ k) <1
r=1
2;0‘0:1 UT' + k{[U3 + U4_ + U5 + "'] + Ul + U%} - kUl - kU2 S 1 FT‘OTn ur,
e U. = 9%x7
(1+k)ZUr—k(U1+U2)Sl L7 2xsxe
r=1
9%x10
27 7 U = 5x8x11
“”‘%"‘( 3zt —)>
a +k)__k(40 22)
27 (27 97
il (_ _Zx _) k<1
20 ' \20 40 22

27 9k 97
—+_(3-2)< 1@’
20 + 20 (3 4-4) =1
27 + ok 35<20
— x
44 -

9kx35< -7
44 —

44
< =
k< 45

= 15
» Greatest value of k = ——
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13. (a) (i) Let (PQ)T = QTPT for two matrices P, Q and A, B be two square matrices of same order.

If A is a symmetric matrix, prove that BT AB is symmetric and if A is skew symmetric BTAB
is skew symmetric.

1
(i) Letthe matrix A(x) = (1—x%)2 (915 ’16) forx € R, where | x| < 1.

Giventhat A(x)A(y) = A(z), determine z in terms of x and y. Using a suitable substitution for z find
the inverse matrix of A(x).

(b) Point P represents a complex number z, where z = r(cos @ + isin8);r > 0,—m < 6 < m in an Argand
diagram. Provide geometric constructions for the point Q which represent z2,

Draw the locus described by | 1 + z| = 1, hencefindzsuchthat|z + 1| = 1land|z? + 1| = 1.

() Letw = cosz?n + isinz?”. Using De Moivre’s theorem, find w>.
Provethat1 + w + w* + @*® + w* = 0.

. 2
Hence, find the value of cos% — cos ?"

13(a) (). If Ais symmetric AT = A
(BTAB)T — BTAT(BT)T

= BTAB

. BTAB is a symmetric matrix

. . T _ _
If A is skew symmetric A" = —A

(BTAB)T — BTAT(BT)T
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(i) x| <1= (1-x?)zeR*
A@A) = -7 (0 )a-y7() )

X
amepeanri( ()
x 1/\y 1
1 X
1
=1 +xy)A—x*—y*+x%y°) 72| 1+1xy
1+xy
1 x+y
— ((1+xy)2—(x+y)2)‘5 1+xy
N (1+xy)? x+y
1+xy
1 x+y
o\ =
=(1— (XY 2 1+xy
- (1 (1+xy) ) x+y 1
1+xy

AA(Y) = (1 —z?)~1/2 (1Z i)

= A(2)
Where Z = f:;y
1-72=1— (X+y)2 _I (1-x2) -0
B 1+xy)  (1+xy)? 30
z]| < 1

letz=0=x+y=0=>y=—x
A(X)A(=x) = ((1) (1))

A7 (x) = A(—x)

=== ) 15

Im. Axis

i Q(z"
(b)

Let z =r(cosO + isin0)
z? =r?(cos 0 + isin 8)?
z2 = r?(cos 20 + isin 26)

Point Q is marked on the line [ such that 0AP = OPQ _0
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OAP and OPQ are similar triangles

0Q _ oP
oP 04

0Q=0P? = r?

Arg(z') =20, |z’ =r?|

Letz = r(cos@ +isinf),0P =r

_ _ _ _ 2 Im. Axis
OA—AP—AQ—l,OQ—r )

OP = 20Acos(mt —60) = —2cosb
r=-2cosf — (1)

h
0Q = 20A cos(26 — m) = 2cos(m — 26) A(=1) e 9\#\
2l g i
]

r?2 =—2co0s20 — (2)

(1),(2) > 4cos?0 = —2cos20

1+ cos20 = —cos 20

cos 260 = —% — 20 = +240°

6=+120°= r=—2cos(+120%) = 1(®*)

3
SE
2

z = 1[cos(£120°) + isin(£120°)] = —

N| =

H
(=)

130)=2x°-1=(@x-DE*+x3+x2+x+1)
w'—1=(w—-1D(0*+w+w?+w+1)
w*1
l+w+w?+w’+a*=0

2, . . 2m
w = COS— + L Ssin—

@

2
21 . . 2T 41 . . 4m T .. T
w2=(cos?+lsm?) =cos?+151n?=cos(n—g)+151n(n—g)

T
5

3
2T . . 2T 6T . . _6bm 3 .. T T . . T
a)3 = (COS—5 + lSln—S) = COS—5 +lSlr1—5 = COS (TL’ +E) + isin (7T+E) = — COSE— lSlng

4
2T . . 2W 8T . . 8mW 27 .. 27 2T ., . 2m
w4=(cos?+lsm?) =cos?+151n?=cos(2n—?)+Lsm(2n—?)=cos?—Lsm?

T PR
=—cosE+lsm

14w+ w?+wd+w*=0

2T
5

T 21 1
CosSy—Cos5 =3 25

T
5

T . . T 21 . . 2T
COSE—lSll’lE+COS?—lSln—=O

21 .. s ..
1+cos?+151n cosE+Lsm P
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14. (@) Let f(x) =

(b)

x(x—4)
(x+4)?

for x e R — {—4}

4(3x—4)
(x+4)3 "’

Show that f'(x) =

forx #—4, where f'(x) is the first derivative of f(x).

Hence, find the intervals on which f (x) is increasing and the interval on which f (x) is decreasing.
Sketch the graph of y = f (x) indicating asymptotes, turning points, and points of intersection on the x,

y axes.

-24(x—4)
(x+4)* ’

Itis given that f"(x) = X #+—4.

Show that (4,0) is the point of inflection of y = f(x) .

Deduce the graph of

_ ox(x+4) |

= Gree forx < -8

The adjoining figure shows a cheese wedge consisting two identical plane faces 0AB and DCE which are

sectors of a circle of radius r cm with sector angle « radians, where 0 < a < % The three edges

0D, BE, and AC are all perpendicular to both faces giving the solid appearance as shown in figure with

thickness of h cm. Given that the volume of the cheese wedge is 9 cm3, show that the surface area of the
wedge is given by S = r?a +$. Find % . Hence, find r such that the area S is minimum for

a = 1 radians.

h

=)
<—5—o

7

rcim
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14(a) forx # —4 , f(x) = &= @

(x+4)2

2
(x+4)2d(x 4%) x(x—4)d(x+4)

fl(x) = e = }

(x+4)%2(2x—4)—x(x—4).2(x+4)
(x+4)%

F/(x) =

, 2(x+4)|[(x+4)(x—2)—x%+4x
£ () = 20l ]

Ce+4)* WLA

2(x%+2x-8-x2+4x)
(x+4)3

4(3x 4)

(x+4)3

F/(x) =
HOEE-

When i =1 = 1is a horizontal tot
x_l)r_noof(x) y is a horizontal asymptote

when lim f(x) =1
x—+0oo
when xl}{l’}}_ f(x) =4 ~ x = —4is a vertical asymptote

when lim f(x) = 4+
x—o—4%

whenx =0,y =0

wheny =0,x=00rx =4 ‘ when f'(x) =0= x =4/3

25
x x < —4 4 x> 4
-4 <x<z
3
sign of f'(x) + N + when x = g, f(x) has arelative
1
function Increasing decreasing Increasing Mintmum —y = =3
Minimum point (— ) .
©, 20
when " (x) = 0 , there may be a point of inflection
i KR
|
X x<—4 —4<x<4 | x>4 : !
sign of f (x) - - + i |
concavity down down up : i
| | 4
| | -
- | ﬁ\
Concawty changes at x = } : : 1 3/ >
~ (4,0) is a point of mflectlon ‘ —8| —4 ! -= 4
| |
! |
_ x(x+d) -4 D) i I
T (48 | (xra+4) ! i
' I
‘@ X=x+4 ' 45
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A

=

r 0<r<3 r>3

b rcm —7

| &
|
+

1
S =2hr+- rzax2+2nr><—><h ar

2
'

S =2hr+r%a+arh
18

But the volume of the )

a
cheese wedge 9 = nmr? X —h = h = —
2m ar

&0

S—2r><—+r a+ar%

d(s) _ 18(a+2) , .\ 1
- T ( 1)r2+2r0(

P8 1 ax1xr=1r3=27:7=3cm
45

— =0,a = '
dr 1 'r < @

=22+ 2= +2)+ra
ar r ra

15. (a) Find the values of the constants A, B and C such that x%2 + 2 = A(x? — 2x + 4) + (Bx + C)(x + 2)

for all xeR,
. x? + 2
Hence, integr. —
ence, integrate fx3 5 dx

(b) By using a suitable substitution prove that jf (x)dx = Jf (a + b — x) dx, where a and b are constants

21

21
I 3 y
Leti= [ —2% 4y Showthat 1= | — 0%
Cosx —Sin x J Cosx + Sinx

21

Deduce that f tan2x dx =0

3
Find the values of constants A and u such that Sinx = A (cosx —sinx) — u (cosx + sinx)

By _ ™
show that I = In( ﬁ) .
(c) Lety=sec?x—tanx. FindZ—z

Hence, evaluate. | sec? x (tanx — 1) dx

o*wm




AL/2025/10/E-1 - 19-

(@) x> +2=A(x?-2x+4)+(Bx+c)(x +2)

x2=A+B=1—>1)

1 _ _ _p_1 _
x!= —2442B+C=0— (2) A=B =3 @ C=0 @
X0 =44+ 2C=2— (3)

. fx +2 fA(x —2x+4)+Bx(x+2)d
3+8 - x3+8

—Af (x2-2x+4) dx+B [ x(x+2)

(x+2)(x2-2x+4) (x+2)(x2-2x+4)

x2-2x +4dx @
=Aln|x+2|+B= fzzx ;;idx @

).

B
—Aln|x+2|+5f P oxid

—Af—dx+Bf

dx + B [ ——dx

22+4-

—A1n|x+2|+—ln|x —2x+4|+Bf—dx
\/—+(x 1)2
_1 1 _ L oan-1 (X2
—21n|x+2|+41n|x 2x+4|+2\/§tan (ﬁ)+’1 @ 50

®) [ f(dx = [ fa+b—x)dx proof
Let,x=a+b—-X

awdx = —dX

23 GId — ©

7 f)dx = [ f(a+b = X)(~dX)
=i f@+b-xdx (5)
= [ fla+b—-X)dx

fff(x)dx = fff(a +b —x)dx

n sin x(E+2—n—x)
| = f sinx __sinx . f 3 313 dx
E T T 2T . (T 2T
cosx—sinx cos(—+?—x)—sm(§+——x)

3 sinx 3 —sinx
— 3 — 3
= [a —dx = Jn —dx
—Cosx—sinx E cosx+sinx

3
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21 21

fr[? sinx. dx + fr[? sinx dx =0

— COosx—sIinx = cosx+sinx

2m
f3 sinx(cos x+sin x)+sin x(cos x— smx)d
T

3 (cos x—inx)(cos x+sinx)
21 2m

f?M x=0= [ tan2xdx =0 15

=0

sinx = A(cos x — sinx) — u(cosx + sin x)

sinx = -1—-—u=1 =,u=—% @
cosx:>/1 u=0 }@
1=f3 sinx

s .
3 cos x—smx

[ = frr /l(cosx sinx)— u(cosx+smx)d

3 cosx—sinx

2T

[ = lfn3 dx—l'llfn —cosx—sinx smx

ff—SIIlX

= [Ax + ulnlcosx — sinx|] @

iE=ile

COoS-—SsIn-

(
=) - O

=3ln ((f_(;/:)(? 5)- %

(€) y=sec’x—tanx

a
ﬁ = 2secxsecxtanx — Sesz

=sec?x (2tanx — 1) @

I = [3sec? x(tanx — 1)dx
= %fogsec2 x(2tanx — 2)dx

= %fogsec2 x(2tanx — 1 — 1)dx
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® ®

= lfgseczx(z tanx — 1)dx —lfgsec2 xdx
270 270

21T 21

=315 —3lanxlg (5)

= %[sec2 x — tan x]% —%(tang — tan 0) @
\/_

(@2 =V3) - (-] -3

3-v3-+3]

16. Let A= (1,2)isonthe linel = ax + by —3 = 0wherea,b € R and the parametric equation of the
line lisgiven by x = 2t + 1,y = t + 2 where t is a parameter. Find the values of a and b.
Let the circle S =x? +y? —4x — 5y +9 = 0 cuts the line | at A and B. Find the coordinates of the
point B.
Show that the centre of the circle S lies on | and find the equations of tangents drawn from A to the circle
S, with centre B and radius @.

Find the angle between one of the above tangents and line | and find the area bounded by the above two

tangents and the common chord of the circles S and S;.

Lax+by—3=0
Passing through A = (1,2)
a+2b+3=0 @
a+2b=-3—>(1)

Parametric form 2t + 1,t + 2

. t+2-2 a
Gradient = —=
2t+1-1 b

2a+b=0—(2) @
(I)Xx2-(Q2)=3b=6=b=2

oo | O

“l=x-2y+3=0
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S=x2+y?—4x—-5y+9=0

Centre (2,2) @ B
x—2y=2—2x§+3=0@

~centre onl =0 2 §)

@ (1.2)
2x2=1x1 2><§—1><2 @

Coordinates of B = , = (3,3)
2-1 2-1

istance form B to AP

P
[m(3)-3+(2-m)| _ @
Vm2z+1 T2
|3m-3+2-m| @ A(1,2)
C VmI+1 | 2 0
[2m—-1]| _ @
@ m2+1 2
42m—1)? =10(m?* + 1)

16m? —16m+ 4 = 10m? + 10
6m?—16m—6=20

3m2 —8m—3 =0 @
Gm+1)(m—=3)=0
méz%orm=3@

~ Equation of tangents are

1 1 1
m_—§=>—§x—y+2+5—0

x+3y—7=0@

m=3=>3x—-y+(2-3)=0

Angle between,l =0and 3x —y—1=

let the angle is 6

tanf = | T/@
1+mym,

——3

1+2(3)

6 = 45°
®
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these two tangents are 1 to each othes @

~ Angle between,l = 0 and one of the tangent is 45°

Si=G-37+o-32= ()" (5)

0

x2+y2—6x—6y+18—%

S =xz+yz—6x—6y+32—1 0
S=x2+y?—4x—-5y+9=0
equation of common chord

S—8,=0

2x+y—12—3=0@

P;x+y—12—3=0—>1

x+3y—-7=0—o2

2-122y-2=0
oo

3’:1@ tX =
25 1

P=2)

= @E-1 4 G-2) ()
ORI
_ 441+49 — ﬂ @
16 16

AP =110
4

+ Area = % X G\/ﬁ)z

49x10 _ 245 .
= = — Sq.units
2x16 16
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17. (8) Prove that cot6 = cosec 26 + cot 26 for 6 # nz—” and n € Z. Hence, show that cotl—"2 =2++/3.

(b)

(©)

Hence, find cosec? "2 Determine x and y positive integers such that cosec% =x + \/}

12
Deduce the value of tan%

In the usual notation, state and prove the Sine rule for any triangle.

In a triangle ABC, itis giventhat BC = 5cm, AC = 4cm,and A = §+ B. Show that tan € = —.

40

Hence, find sin B and length AB. The internal bisector of the angle BAC meets the side BC at D. Find

length BD.

Solve cos™1(1 — x) = 2sin™ ! x.

cosec 20 + cot20 =

1 cos260 __ 1+2cos?60-1

sin 26 sin 26

cotO = cosec 20 + cot 20

= =cot 8
2sin 6 cos @

when 6 = l, cot— = cosec—+ cot= =2 ++/3

12 12

2 _ 2 _ 2
cosec”— =1+ cot* — =1+ (2++3)

cosec% =8+ 43

V8+4V3 =vx +.[y

8+2Vv12=x+y+2/xy

“x+y=8—(1)
xy=12—>(2)

By solving (1) and (2)

xX=2-y=6

X=6->y=2
28+ 43 =v2+6

cosec% = \/§+ \/8

T
t—=2 3
co 12 +\/_
. T 1
S aAn— =
12 2443
T
tan— =2 — /3

12
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cotf = cosec 260 + cot26

1 (cosec260—cot26)

tan@ = .
(cosec26+cot260) (cosec26—cot26)

(cosec26 — cot26)
tanf =
(cosec? 20 + cot? 20)

tan 6 = (cosec 26 — cot 26)

YA T T T
when 6 = —, tan— = cosec— — cot—
24 12

24 12
tan§=\/§+\/g—(2+\/§)
tanZ = V2~ V3 +6 - vZ (%) 60

(b) (i) ABC is an acute angled triangled.

AD = ABsinB = ACsinC

wita ®
" sinB~ sincC

A
(ii) ABC is a right angled triangled.
b AD = AB'sinB = ACsinC
C
b c
" sinB~ sincC
B=D a ¢
A
(iii) ABC is an obtuse angled triangled.
c b AD = ABsin(mr — B) = ACsinC
b c
" sinB sincC
L
D B g C

.. a C
Similarly, we can show — =

sinA sinC

a b c

sinA sinB sinC
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A
4cm
C
/
5cm
B
* = > _4 4
4 Let AB =x
E=tanB . .
A+B+C =1 sinC sinB
X 4
z =
TR sin (3 -2B) snB

c=2-2B « 4

tanC = tan (g - ZB) x4
= cot2B % sin B
_ 1-tan? B _ 1-16/25 4lx  4VAl
2tanB 8/5 -~ =1
tanC = 9/40 9
x = \/ﬁ cm
9

Using angle bisector theorem

AB  BD
it = bt
9 BD_(35)

4V21 BC-BD

9 BD
4yi1 5-BD
B
45

D= Sy -
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() cos™H(1—x)=2sin" (x)

1—x = cos2sin1(x)

1—x=1-2sin?sin"(x)
1—x=1-2x?
2x2—x=0

x2x—-1)=0

x=0,x=1/2 15
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Part A

I

1. Two particles A and B of masses km and m respectively are moving along a smooth horizontal table
towards each other with speeds 2u and u respectively, collide directly. The coefficient of restitution

between A and B is e. Just after the collision, if they move with equal speeds in the opposite directions,

2(2k-1)

show that e = 300

. Hence deduce that% <k< ;

2u u

e vV
Applying [ = Amv for the system

-  0=mv—kmv— (2kmu— mu) @

1-Kv=_02k—1u

_(2k—1>
v = 1—k u

Newton's Experiment law

w+v)=eCu+u) @

3 _2(2k—1)u
U=k

_ 2(2k-1)
€= 3(1-k) @
0<e<l1
22k -1
<¥S 1
31 —-k)

2@k o1 g
e — :_
3(1—k) 2

22k=1) . _,
31—-k)

7k — 5

30—k ="

v

- 7 ®H 1

'1<k<5
x> <5 @
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2. Abomb B is released from an aero-plane which is flying horizontally with the velocity u and at a constant height
h. When it is released from rest and at the same time a bullet A is fired from a point which is vertically bellow

the aero-plane. It is given that the bullet is fired at an angle 6 to the horizontal to blast the bomb after time t.

show that t = % cotf

A — Bullet
B — Bomb
(T=1t)
h
(T'=0)
=ut+— at2

B;l  h =2 (1)@ (A);1 hy = V.sinat—thz—> 2 @
(B);— R=ut — (3) (A);» R=Vcosa.t — (4) @

@w=v=z (5)

(D+@2)=>hy+h, =Vsinat
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3. As shown in the figure, a particle P of mass m lies on a
rough plane inclined at « to the horizontal. It is connected
by a light inextensible string passing over two smooth
pulleys to a particle Q of mass m on another smooth plane
inclined at a to the horizontal. Another light inextensible
string attached to Q, passes over a smooth pulley and is
attached to a particle R of mass 3m hanging freely. The
coefficient of friction between P and the plane is u. The system is released from rest, and P moves up the plane.
Write down the equations of motion sufficient to determine the tensions in the strings and the accelerations of
the particles.

@| Forces & Accelerations

=7

img

For P T, — F —mg Sina = mf @

\ Ry — mgCosa = 0

F = uRy @
ForQ 7 T, — T, — mgSina = mf @
ForR l 3mg — T, = 3mf @
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4. A train mass M kg moves along a horizontal track at a uniform velocity. The rear compartment m kg (<M) of
the train deatach and the engine driver is informed after it moves £ km after the detachment. At this moment
the engine driver stops the engine. If the resistance to the motion of the train is uniform and proportional to the

weight of the train then show that the distance between the rear compartment and the train is MTMm{’ when the

both parts become at rest by considering the power exerted by the engine is constant. Assume that after the
detachment of the compartment the engine continue the same tractive force until the driver disconnects the

engine.

—» u

kMg<—M—>F

k is a constant

for train F=ma —»

F—-kMg=M.0
F =kMg @
M-m
‘ For train (without last compartment)

v

k(M-m)g

—» F=ma

F-k(M-m)g =(M-m) a
kMg — k(M-m)g = (M-m) a

let acceleratem of the train , a

For train
— > v2=u’+2as
w? = u? +2]\]/(I_lrgn ¢ @
for the train for train
—> F=ma —> VvZ=Uu’+2as
-k(M-m)g = (M-m) a 0 ~u? +21\l/([_l§l ?-2kg S:

— 42 _u? m
-kg = a Sl—z—kg‘l'ﬂ‘g @
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for the last compartment

V2 = u?+2as

u2
m

Distance c between the train and last compartment=S; - S, = y—_

5. Aparticle P of mass m is attached to an end of a light inextensible string of length a and the other end
of the string is tied to a fixed-point O. When the particle hangs freely a horizontal velocity of ./ga is

given. Show that the tension in the string is %mg when the particles comes to instantaneous rest.

(T.E)p = (T-E)4

1
—mgacosf = Emga —mga

cost9=1—l
2

1

2

NT—-—mgcosf =0
T 1
= X —
mg x>

_mg

2
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4 )
6. In usual notation, let the position vector of point A be a =3i+ j. Point B has position vector 3a.
0 is the origin and P is the midpoint of OB. A point C lies on the x-axis such that PCB = g

Show that [0C| = 6 or [0C| = 2.

B(3a)

P
A(a)
» x(i
5 . )
C(ai)
0P =p=-0B =2 =2(3i+j)

Point C on the X — axis
W = ai

ﬁ:p—c=§(3i+j)—ai ~

_(9 >.+3.
BAVEERY AR T @
CE=b-c=3a—c=33i+j) —aqj

=0O9-a)i+3] 4

TP LT TP T =0 @

[(;—a)i+;j].[(9—a)i+3j] =0

(;—a)(9—a)+;=0 @

202 —27a+90=0

Ra—-15)(a—6)=0
15

sa=>ora=6
|0C| = lail = a @
~|oc| =6
joe] =%

2
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7. One end of a uniform rod of weight Wand length 2a is attached to the end of a light string which hangs freely
from a fixed point. A couple of moment G acts on the rod in a vertical plane containing the system. Find the
tension in the string. Find the inclinations of the rod and the string when the system is in equilibrium.

Deduce that G < Wa

—-Tcosa=0

T
T#0—-cosa=0= azz @

TTsina—W=0
T=W

AO0=0
W.acos8 —G =0

0= ¢ <1
cost = S

G <Wa

1O

10 marks should be given to the figure if string is drawn vertically
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8. A uniform rod AB of weight w and length 2a rests in equilibrium with
Ain contact with a rough plane inclined at « to the horizontal and B
against a smooth vertical wall. The rod is perpendicular to the plane as
shown in the diagram. If the coefficient of friction between the rod and

sina cosa

rough plane is u, then show that u > Py

For the equilibrium of the system
BU Wasina —F.2a =
w

F = —si
ZSIH(I

=

T Rcosa+ Fsina—W =0

R cosa =W—7sin2a

W(Z—sin2a> @
R=—|—m
2 cosa

o T

sina cosa

F
for equilibrium R <u @
u

2—sin2a —
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9. A bag contains 4 red balls and 6 blue balls which are equal in all respects, except for colour. Two balls

are taken out at random without replacement.

(i) Find the probability that both balls are of the same colour.
(ii) Let Event A : “The first ball is red” and
Event B : “The second ball is red” .
Are the events A and B independent? Give reasons.

3

0 /9< R/R
4

6/10 B /< R/B

/o™ B/B

B _ 4 3 6
Probability that both balls are in same colour 10 %9 + 10

&)

5 =

5 42

90 ~ 15

Aliter Method

P(RNR) + P(B n B) = P(R). P(R/R) + P(B). P(B/B)
- 43,6 5 4 7

X — =
10 9

— X
10 9

90 ~ 15
.. 4 2
(II) P(A)= 1—0 = E
4 3 6 4 36 2
PB) =55t 05 %5
4 3 12 2
PANB)= 22=2_2 @

P(AP(B) = 2.2 = —~ @

P(A n B) = P(A)P(B). .~ A and B are not independent.

&)

\

/2N
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10. The marks a, b, ¢, and d obtained by four students are in ascending order. Where a, b, ¢, and d are

positive integers. The mean of the marks is 37. The mean of the top three marks is 39. The range of
marks is 15. Find the mean of the least three marks. If the mean deviation of the distribution is 5, then
find b and c.

a<b<c<d

S =37 =a+b+c+d=148 — (1) @

d—a=15—> (2)
=39 b+c+d=117 — (3) @

(D—-(2) a=148—-117 = 31

2)=> d=15+31=146 @
a+b+c _ 148-46 _ 34
3 3
b+c=148-(46+31) =71

~c=71-b

mean deviation =5 =|31-37|+|b—37|+ |71 - b —37|+ 146 — 37| =5%x4 =20 @
6+9+|b—37+|b—34 =20

~|b—=37|+|b—34|=5

Since b > 31,whenb = 32,|32—37|+ |32 —34| #5

Since b > 31,whenb = 33,|33 — 37|+ 33 —-34| =5

b =33 @
c =38
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% Answer five questions only.

(b)

Part B
(In this question paper, g denotes the acceleration due to gravity.)

11. (a) A car P starts from rest at point O when time ¢ = 0 s and moves with a constant acceleration f m s™2. It

accelerates uniformly until t = T s and then continues with the constant speed it gained. Another car Q starts

from rest at the same point 0 att = (T + 2) s and moves with the same constant acceleration f m s™2. Q
maintains this acceleration for 32—T s and then continues with the constant speed it gained. Both cars move in

the same direction on a straight horizontal road.

Sketch velocity-time graphs for the motions of P and Q in the same diagram. Hence,
(i) Find the distance between the cars P and Q in terms of f and T when their velocities are equal.

(i) Show that Q cannot overtake P until Q gains its maximum speed.

(iii) Show that Q overtakes P att = T

A river with two straight parallel banks flows with the constant g
velocity u. The points A4, B and C are on the river banks such that —yu
A T /l \~\\\~
ABC =~ /0)
A Cc

It is also given that AC = a and BAC = 0; (O <6< %)
(see the adjoining figure)

A swimmer can swim with a constant speed 2u in still water, starts at A and swims along a straight line to
reach B. Then he swims along a straight line to reach C. Assume that no time taken for turning.

By constructing the velocity triangle for the motion from A to B, or otherwise,

show that the magnitude of the velocity of swimmer along AB is (V3 + cos?6 + cosf)u.
Deduce the magnitude of velocity along BC.

Also show that the total time taken by the swimmer to reach C from A is
% (cosOV3 + cos?0 + sinf V3 + sin?0 — 1)

Further, deduce the value of 8 such that the two time periods along AB and BC are same.
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p
11(a) V(ms™1)
A / motion of Q
T !
:
|
|
Ay |
|
Vo :
| motion of P
|
i @
|
! |
|
|
|
|
|
|
|
' > t(s)
0 5¢
t t+2 2t + 2 —+42

(i) when the velocities are equal
T=2t+2

= Distance travelld by (P — Q)

1
= > X shaded area

=%x(2ft+2)><V @
butf=%=>V=ft @
=~ Distance = ;(t +2)ft =(t+2)ft @

(ii). When Q reaches its maximum Distance between P and Q

= Previous area — A, @
1 t 3ft

= (t+2)ft -1 @
=L (16+70) @

this is always > 0 @ a
~ Q cannot Overtakes P until it reaches its maximum speed. @
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( )

(iii). Let the time taken to Q to Over take P after (2t + 2)s is to - when Overtake P, @

O
ft(t+2)=§><(t0+t0—§)x?

8(t+2)=(4ty—1t) @

4ty = 9t + 16

9t + 16
t":( 4 )S

(b)
W — Water

E — Earth

S — swimmer

A C

Vise)y = Visw) + Viwr)
AB; / =2u+u
P —
BC;

(&)
T O /o\

el
no,

R,
PQR]_A, VAB = Vl

=ucosf + /(2u)? — (usin §)2 @

= u(cosH + V3 + cos? 9)
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( )

Vgc = (VAB)QQGB) @ @

=u<cos(§—9)+\/3+cosz(§—9)) =u(sin9+\/3+sin29)

tac = tap + tpc
acosf asin@
|41 V2
_ acos@ 4 asin 6
u(cos 6+ +/ 3+cos? 0) u(sin 6 ++/3+sin? 9)
[COS(V 3+cos? 9)_“’5 o n sin v/ 3+sin? 6—sin 9] @
3 3

_a
u

% (cos 0.v3 + cos2 6 + sin (\/m - 1))

tap = tpc

acosf _ asin@
u(cos 6+ +/3+cos? 9) u(sin 0 ++/3+sin® 9)

when9 =2 ;L.H.S=R.H.S

4F
1
oz (9
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12. (a) The figure shows a vertical cross section passing through the

(b)

centers of mass of two uniform wedges X and Y and three

particles P,Q and R. A wedge Y of mass M is placed on the

rough horizontal face of the fixed wedge X. a and g are the .

inclinations of the smooth inclined planes of X and Y

respectively. A and B are two small smooth pulleys fixed to
the wedges X and Y respectively. C is a fixed pulley in the same vertical plane such that BC is horizontal.
Two particles P and Q of masses m, and m, are attached to the ends of a light inextensible string passing
over the pulleys B and C. Another light inextensible string passing over the pulley A connected to Y to the
particle R of mass ms which is on the inclined face of X. The coefficient of friction between X and Y is u.
The system is released from rest with the strings taut. Assuming that during the entire motion of the particle
P, is in contact with the inclined plane of Y, write equations sufficient to determine the accelerations of the

particles and the wedges.

One end of a light inextensible string of length 2a is attached to a fixed-point O, and the other end to a

Particle P; of mass m. The particle is held at A which is same level of O, such that OP; = 2a and projected
vertically downwards with speed \/%. Show that the speed I of the Particle P; when O P; makes an angle
0 (0 <O < g) with horizontal is given by V2 = ag(5 + 4 sin 8 ) and find the tension in the string. When
P; reaches its lowest point B, it collides directly in the horizontal direction with a particle P, of mass m which
has been projected vertically upwards with a speed \/ﬂ from a point at a depth of 3a below 0. In the
motions of P;, P, after the collision, P; continues circular motion and comes to a momentary rest at point D,

which is the angle 0D is g with horizontal. The particle P, moves under gravity and reaches E which is the

point vertically below D.

(i) If the coefficient of restitution between P; and P, is e = § show that the velocity of Pafter collide is

Jag.

(i) Showthat B = sin™! G) , Also show that the particle reaches E whent = /% sec, after impact.

2a , D

-
N
’
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(@)

ayp=F —»

apn =G - P

AgoE) = fi
F=ma
For Q, L myg — Ty =
ForP, .4_. Ty —mygsinf =

msg sina — T, =

ForR, %:

For the system (Y and P),

> T, +T, - F,

ForY,

7 Qﬁ\

my(f —F + F cosf)

= MF +m;((f — F)cosB +F )@

T R, — Mg —myg =my(f — F)sinf
Fo = uR, @

x+y+z=1
i+y+2=0
¥=—(+2)
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(b). By the conservation of energy, we have

(T.E), = (T.E)g
1 1
Sm. S5ag +0 = EmV2 —mg.2asin 6
S5ag = V% —4agsin@
V2 =uag(5+4sing) @

'/Q‘For particle P, : apply F = Ma
2

T —mgsing = mZ
2a

ag(5+4sin 6
T =mgsing +m 9¢ >a )
T=%(6sin9+5) @
When 6 = Z velocity of P,
2

V? =ag (5+4sin§)
= 9ag
=0

Velocity of P, &
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After impact By the conservation of energy, we have

(T.E)p = (T.E)p

1
Em.ag+mg(—2a) =0—mg.h
-2 ()
2

sinsinff = 2 O commm
B
=) e
4

Ba 2a y
2

ﬁ “’//

V7a °

_ —>
For particle P, from BE
s =ut+ %gt2

2acoscos B =V,t

2a cos cos B

v,
V7a
Z.Q.T
t=——=2
2./ag
. 7a
~ |16g
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13. A particle Q of mass m is suspended by a light elastic string of natural length 27 and modulus

of elasticity A from a fixed point A, which is at height 5! vertically above another fixed Al
point B. When @ is in equilibrium, the length of the string is 3.. Show that A = 2mg.
A particle P of mass m is attached to the end of another light elastic string of natural length [,
and modulus of elasticity 2mg, the other end is attached to B. P is projected vertically upwards 3l
with a speed \/6_gl If P just reaches Q, by applying principle of conservation of energy, show
that [,= L. Find the velocity of P when BP = I.

When the length of the string BP is (I + x), show that the equation of motion of P is given by

X+ ZTg (x + %) =0.Letx + % = X, show that X + w?X = 0 where w is a real constant to be O K
determined. Find the centre and amplitude of the simple harmonic motion of P.
When the particle P reaches @, it sticks with Q. When the composite particle S is 21
at a height (I + y) above B, show that the equation of motion of S is j + (32—“?) y=0. A

W
Find the centre and amplitude of the simple harmonic motion of S. Also Show that the total B

time taken for the lower string to become slack for the first time from the time that P was projected is

\% (n+ 6 —2v6 + V3 cos™! G))

For @ ol A
1T -mg=0 (5)
N/ 31
Al AT
— =mg
N (s) A )
A=2mg I'\\S/I 1810
"""""""" For (P).formB toreach (Q) a2
P.C.E lzpiL
R 7T R
2 1
0+ 29 21 1032 + mg.2l = ~m.6gl [ 20 )
21, 2 "
L—1)? =11, A9 i
i Ymg
2-5ll,+4l2=0 37
7\
(Io—4D(lo— 1) =0 '.\i/.' )
O<lh<2=lp=1( <)
For (Q) ~—
T v?=u?+ 2as
/?"7'/7
v2 = 6gl — 2gl
vo=2Jg1 (5 )

NN
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Applyin F=ma for (P)1

—T —mg = mx @
@ 2mgx )
-7 Tmg=mk

2 [
5c'+—g(x+—>=0

l 2
bo=x
X 2—

Dif ferentiate w.r.t. t

()
¥=X

~SHM
Centre; X =0

x=0

X:—E

l
centre is at a height 2 above B @

x = 0 ata height 2l above B
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Applying F = maFor (S) T

T, —Tg — 2mg = 2my

—(4l y— Zl)—T—ng—Zmy
LA | APy 51
2l 1 ) T,
y+3;—“‘l’y= @ 7 2mg
A+ |Ts

39 B
< SHM=>(U1= 2_l

centre; y=0=>y=0

centre is at a height l above B
sizir g
amplitude = 21 — [ = | @ i i

For(P)Tv=u+at

2//g1 = /691 - gt @
to=(V6-2) E P 'C“l' -----------------
9/ 2
() ) (o)

t——+—+(\/_ 2)

:\/%cos‘l(%)+g\[%+(\/6—2)\/§ @

=\/%(\/§cos‘1(%>+n+6—2\/€>




AL/2025/10/E-11 - 23-

I

14.(a) A,B,C and D are four distinct points on the oxy-plane. Position vectors of A and B are i+ 3j and

3i + 9j respectively, in usual notation. Also BC =2i— 3j and BD = 6i — 9j. Show that the points 0, A
and B are colinear. The lines OC and AD meet at E. For a positive constant @, OF : OC = « : 1. Show that
e = 5ai + 6aj where e is the position vector of the point E with respect to the vector origin. For another

positive constant 8, AE : AD = f8 : 1. Obtain another expression for e in terms of S.

-3 1 BD = -1

Hence, show that ¢ = - and g = = Further, show that OBD = Cos (m) :

(b) ABCDEG is a regular hexagon of side a and O is the centre. Forces of magnitudes 2,3,4,5 units act
along AB, BC,CD, DE respectively and a variable force F acts at G in the plane of the hexagon. Cartesian
axes 0X,0Y are chosen parallel to AB, BD respectively. The resultant of the system of forces will be
denoted by R.

(i) If F =0 show that |R| = 7 and find the Cartesian equation of the line of action of R.

(ii) Find the magnitude and direction of F, indicating the direction clearly in a figure. If the line of action
of R is to coincide with OD, find |R] .

(iii) If F is chosen to make the system of forces reduce to a couple, show that the moment of the couple is

21V3a

of magnitude >

. Now, if the force acting on AB is removed, deduce the resultant of the new

system of forces.

(@) OA=1i+3j,0B =3i+9j,BC = 2i—3j,BD = 6i—9j

OB = 3(i+3j) = 304 = 0, A, B are collinear. @

0E:0C = a: 1 AD = p:1

o o 'ﬁzahﬂ?"
a(OB@ :m’ﬂgﬁ
= a(3i+9j +2i - 3j) =i+ 3j+ B(AB + BD)

= 5ai + 6aj — (1) :i+3i+ﬁ(2i+6j+6i—9i)®
- =i+ 3j + B(8i— 3j)
86 + 1= 5a @ = (88 + i+ (3—3p)j —>(2)®
3-38 =6a
86+1 5
3-38 6

488 + 6 = 15 — 158

o
F=&=7
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Let 0BD =0
BO = —3i—9j
BD = 6i — 9j i

— e l/"q\,l
BO.BD = |BO||BD| cos S,

(—3i — 9j). (61 — 9j) = V32 + 9262 + 92 cos 6 (

~
5 )
_/
o, —18+81= V90V117 cos @
(5 ) 7N\
N/ L=cosﬁ'= 63 — [ 5 |
— V33033 3/ai0313  vyiso O\ /
_ —-1( 7
6 = cos (\fﬁ)
(b) Y a
E
5
el
O
2

3

— X=2+4+3cos60°—4cos60°—-5

= —3 — cos 60°
7 N
= —= |5 |
2 N
T ¥ = 3cos30°+ 4cos 30°

= 7 cos 30°
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R2 = (7/2)2 + (7\/§/2>2 = 72

/9 R=7 = |R| =7 @

B\ Res = L?ﬁSys

Y.x—X.y = 5.2acos 30° + 4.a cos 30°

(i)~ X =Fcos€—7/2 > 0
1y =Fsing+7V3/, > 0
=~ =Tan60° =Y =+3X @

Fsin9+7\/§/2 =\/§(Fc059—7/2j— (D

since R goesthrough O,
\O‘SSyS =0

(2+3+4+5)acos30°—Fsinf.a=0

Fsin® =73 @

@ = 7V3+ 7\/5/2 =V3(Fcos8-7/,)

21/, =Fcoso -7/,

Fcos@ = 14 @

Fsinb _7V8 Tan9=\/§/2

Fcos@ 14
0 = Tan! \/§/2 @

Fsin0 = 7+/3
V7
V3 F.% = 77 units.




AL/2025/10/E-11 - 26-

I

Y 0
TFSin9+7\/§/2 =0 = Fsinf = _7\/§/2 —®@

@03 = Tanh = —J/3 = 0 = —60°
@ = F cos(—60°) = 7/2

O

F is 7 units along GA \‘\
Moment of the Couple
=0 Sys
=2+3+4+5+ 7)acos30°

__21V3a
2

A

A

=~ If the fore acting along AB is removed resultant of the new system is of magnitude 2 Units to
the direction of BA at a height of Zlfa form AB (x-axis). @
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15. (@) Three uniform rods AB, CD and AD, each of equal length
2a and equal weight w, and another uniform rod BC of
weight Aw and of length 2a, are jointed smoothly at their
ends. The framework is suspended from a fixed point by
a light inextensible string OA. A light rod jointed to the
midpoints of AB and BC to maintain the framework in the
shape of a square. It is kept in equilibrium with AC
vertical, as shown in the adjoining figure, by applying a

horizontal force of magnitude w at B.

(i) Show that the horizontal and vertical components of the reaction at C on the rod BC are% and w

respectively.
(if) Showthat1 =3
(iii) Calculate the stress in the light rod.

(b) Five light rods freely jointed to form a framework in
which 24B = BC = BD = DC, and BAD = 90°.
The framework is smoothly hinged to a fixed point
at A and kept in equilibrium in a vertical plane. A
weight w is suspended from B and a force P is
applied at C, perpendicular to BC in the same plane
of the frame as shown in the figure. A

Show that P = ‘/?gw.

Draw the stress diagram using Bow’s notation and

find the stresses in each rods, stating whether they

are tensions or thrusts.

(a) (i) for AD and CD

AU X 4acos45° — 2Wacos45° =0
w

2

For CD w
D U Y;.2acos45% — X;2asin 45° — Wa cos 45° = 0
20, =W+ W
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(ii) For AB and BC

A G W1+ A)acos45° — X, 4a sin 45° — W2a cos 45° = 0 @
WL+ 1) = 2W +2W @

1+4A=4=1=3

(iii) ForBC, BU Tyacos45° — 3W acos45° — ¥2a sin45°% — W2asin45° = 0
Ty = 6W @

(b) AO P.%—Wasin600 =0 @
_ V3w

Rod Stress Magnitute

AB Tension w/5
BC Tension w/5

CD Thrust 2W /5
AD Thrust 2V/3W /5 @
BD Tension 4W /5 @
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16. (a) Show that the centre of mass of

(1)  Athinuniform hemispherical shell of radius a is at a distance % from its centre.

(i) A uniform right circular cone of height h is at a distance % from the centre of the base of the cone.

(b) An Olympic lamp is made by rigidly fixing a hemispherical shell on
the top of a uniform frustum of a hollow right circular cone of radii

% and a and of height @ The frustum rigidly stands on the top

surface of a uniform solid cylinder as shown in the adjoining figure
as follows.
« Uniform hemispherical shell is of radius 2v/3a and centre C.

« Solid cylinder is of radius 2a and height v/3a.

e The mass per unit volume of the solid cylinder is 27" and the

mass per unit area of the frustum and hemispherical shell is %

¢ Assume that the total mass of the Olympic lamp does not change due to the welding.

e The top B of the frustum is closed with a light circular disk of the same radius.

Show that the distance from O to the centre of mass of the Olympic lamp is (2448‘/f;1?:/7§1) :
. 24434371\
Consider ( 2345105 )a ~ 3a.

The Olympic lamp stands on a rough inclined plane. Assuming that the contact is rough enough to prevent

from slipping find the inclination of the plane when the Olympic lamp is about to topple.

(@) (i) By symmetry the centre of mass G lies on the x-axis AY
Am = 2m(a sin 8)aph, where g is the mass per unit area @
LetOG =x
Vs
s ;
f 2n(a sinB)aocacos 6 do
ONO ,
I

2m(asin8)aodd

> — vl

T

= JoNo

[— cos 9]g

1 © N
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(li) By symmetry the centre of mass G lies on the x-axis
h=1Icos@
Am = 2n(x sin 8)Axc, where ¢ is the mass per unit length

l

f x cos 0 2mox sin 6 dx
° )+ (&)

l
f 2mox sin 6 dx
0

xI
Il

l
= cosﬁfxzdx

2
3

~ The required distance  _— ﬁ
3
(b)
y
A
a 2v3 a
a
l a/2 l S X
(0} A B\l C -
«—V3ia—
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According to the symmetry C.0.G lies on the X axis. @

N

48 + 513

OBJECT MASS DISTANCE FROM O to C.O.G
I 8v3ais [ '\\/,' V3a
I 2 \_/
2a%¢  (5) a _4a
\__/ (ﬁ + V3a) €
a30_ B V3 a S5a
_— |(5>| \Kgﬂ +— 2“@ =?
2 ) I/_‘;S\'I
\_/
24 a3 (5) 5v3a ()
_J > \_/
;;-_T_-';;
T 16v3+51, 5 -
_— a [ 5 ) X
"":.';—__ __-T—-"‘— ( 2 } \\____/
let ao=1
Taking
moments around Y axis
16\/_+51 A 5a f
(——)AX= 8\/‘x—/1+2 T/l S AT
16\/_+51 a
) X= 12a+T 2\/§a+60\/§a
16V3+51, o _ (24v3+371)a
L O
X = (24v34371) a
T 16V3+451 V3
X = (24v3+371) ~302a
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When Olympic lamp is about to topple
OD =2a

3atana = 2a

2
tana =-
3

o« = tan'l(g)

- 32_

OoDGA

oD
tanx = —
3a

OD = 3atanx

Olympic lamp is about to topple
OD < 2a

3atana < 2a

2
tana<§

o < tan'l(g)
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17. (a) A box contains 4 red balls and 6 blue balls which are equal in all respects, except for colour. Two balls
are taken out twice at random from the box, one after the other.
The experiment is conducted as follows:
e A fair die is rolled, and if the die shows an even number, the balls are taken out with replacement.

o |f the die shows an odd number, the balls are taken out without replacement.

(i)  Find the probability that both balls drawn are red.
(i)  Ifitis observed that both balls taken out are red, find the probability that the selection was made

without replacement.

(b) Consider the following frequency distribution with k class intervals, where x; is the class mark and f; is

the frequency of the it" class interval, respectively fori = 1,2,3 ...k

Midpoint of the class interval Frequency
x]_ fl
X2 f2
x; fi
Xk fk

Write down the mean and the standard deviation of the above frequency distribution.

The deposits of 100 customers of a micro savings and loan community club over five years are listed below

in the table.
Deposit in Number of members
10,000
rupees
15-19 10
20— 24 20
25-29 f
30— 34 g
35—39 P
40 — 44 7
Total 100

It is given that frequency of the modal class is 28, the frequency of the median class is 21 and

Median < Mode< 34.5, find f, g and p, justifying your answers.

(i) Calculate the median deposit of a member in rupees.
(if) Using an assumed mean of 320,000 rupees, calculate the mean deposit of a member in rupees.
(iii) Show that the standard deviation of the deposits, correct to one decimal place, is 69,500 rupees.

(iv) Find the number of members who have deposited less than 395,000 rupees.
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@) (0).

A — Event of both balls drawn being red
E — Event of the die showing an even number

O — Event of the die showing an odd number

P(E)=P(0) =5 @
P(AJE) = = x =
P(AJO) = — x>

P(A) = P(E) x P(A/E) + P(O) x P(A/O)
1 i 4 1 4 3

X—X—4+=X—X—
2 10 10 2 10 9

ONNO

Alternate
O
/g R/ER
R
4
6
@ /10 /10 B/ER

Even 4
: 3
/10> BiEB
: 3/9_ RIOR
/2 4 R <
10 6/9 B/OR
Odd

4
R/OB
%/10 o /<
5/ B/OB
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Probability that both ballsarered = =

&)

1><4><4+1><4 3
2 10 10 2 10 9

For the equation@

2 4 1 11
25 15 75
(i) Using Bayes’ Theorem;
P(OIR) = P(O) . P(R/O)
P(R)
(h s
=2109_1.7
11 15 11
O
= 7
BT
(b).
class mark frequency fix; fix;
X, fi fix1 fixq
X2 f2 faxa f2x;
Xi fi fixi fixi®
Xt [ fX fixi?
n n n
N > fixi > fix?
i=1 i=1 i=1
s fix @
Mean x = ———
Xiafi

standard deviation = 0 = \/

Z?=1ﬁXi2 —fz @

n
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Class Class | Frequency | Cumulative | u; fiui U? fi U?

boundaries mark | f; frequency

10,000 Xi Fi

14.5-19.5 17 10 10 -3 -30 9 90

19.5-24.5 22 20 30 -2 -40 4 80

24.5-29.5 27 21 51 -1 -21 1 21

29.5-34.5 32 28 79 0 0 0 0

34.5-39.5 37 14 93 1 14 1 14

39.5-44.5 42 7 100 2 14 4 28
100 -63 233

i—A . . .
Letu; = xlT where A is the assumed mean and C is the class width.

Median class = class in which the (g)th observation included = 24.5-29.5

medal class = 29.5 — 34.5

since median < Mode < 34.5 @

~g=28—>(2)
2 p =100~ (10 +30 + 7 + 28 + 21)

.-.pzl@

(i). median Deposit = (24.5 + % x 20) x 10,000 @
median deposit = (29.26) x 10,000
= 293,000 rupees

(ii). Mean = [32 +5x (;Tﬁg)] x 10,000@
= 288,500 @

e 233 63 )
(iii). standard deviation = JZS [(ﬁ) - (ﬁ) ] @
= V48.3275 = 6.95 @

= 6.95 x 10,000

= Rs 69,500 @
(iv). 93 @




